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Abstract

Prospect theory and rank-dependent utility are nowadays the most prominent descriptive models of decision
making under risk. Both theories rely on the notion that probabilities are transformed into decision weights. This
paper proposes two particular hypotheses of decision weights which underweight all probabilities less than
unity. Interestingly, these two hypotheses lead to special cases of a class of models which have been developed
to accommodate the certainty effect and boundary effects but have not been related to transformed probabilities
before.  2000 Elsevier Science S.A. All rights reserved.
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1. Introduction

Prospect theory and rank-dependent utility are nowadays the two most prominent alternatives to
expected utility. The main difference of both theories to expected utility is the existence of a
probability weighting function which transforms single probabilities (prospect theory) or cumulative
probabilities (rank-dependent utility) into decision weights. There exists a large amount of literature
dealing with the shape of this probability weighting function. While risk aversion implies a convex
weighting function in the case of rank-dependent utility, experimental results suggest that the function
is s-shaped.

Other recent experimental research (e.g. Harless and Camerer (1994)) has shown that the bulk of
the empirically observed violations of the independence axiom is due to the certainty effect and

*Tel.: 149-431-880-1400; fax: 149-431-880-4621.
E-mail address: u1366@bwl.uni-kiel.de (U. Schmidt)

0165-1765/00/$ – see front matter  2000 Elsevier Science S.A. All rights reserved.
PI I : S0165-1765( 99 )00247-5



30 U. Schmidt / Economics Letters 67 (2000) 29 –33

boundary effects since expected utility performs well if all lotteries have the same number of probable
outcomes. This evidence has motivated the development of a number of theories which are consistent
with these effects but, at the same time, try to retain as much of expected utility as possible. Schmidt
(1999a) provides a joint axiomatization of this class of theories which consists of expected utility with
security level (Jaffray, 1988; Gilboa, 1988), expected utility with security and potential level (Cohen,
1992; Essid, 1997), expected cardinality-specific utility (Neilson, 1992; Humphrey, 1998) and
expected utility with certainty preference (Schmidt, 1998). However, all these models have not yet
been analyzed with any reference to the concept of transformed probabilities. Therefore, the question
arises which qualitative properties of these theories can also be modelled in the context of transformed
probabilities.

In order to analyze this question we consider two new hypotheses concerning the shape of the
probability weighting function. One proposes a constant underweighting, the other a proportional
underweighting of all probabilities less than unity. Employing these two hypotheses we can show that
many but not all properties of the abovementioned theories can also be accommodated in the
framework of rank-dependent utility and prospect theory.

2. The hypotheses

Let X 5 hx , . . . , x j be a set of consequences and P the set of all probability measures over X. As1 n

usual, a decision maker is identified by a binary preference relation ' on P which can be numerically
represented by a functional V : P → R . We assume that the consequences are arranged in decreasing
order of preference, i.e. x 'x ;i. The representation of preferences for prospect theory is now giveni i11

by

V( p) 5O u(x )p( p(x )) (1)i i
i

and for rank-dependent utility by

i i21

V( p) 5O u(x )h ( p) with h ( p) 5 p O p(x ) 2 p O p(x ) , (2)S D S Di i i j j
i j51 j51

where u( ? ) is a utility function defined on the set of consequences and p : [0, 1] → [0, 1] is the
probability weighting function which satisfies by definition p(0) 5 0 and p(1) 5 1.

It seems quite natural that the decision maker, as a reaction to risk, underweights all probabilities
involved in a lottery, i.e. we have p(l) , l;l [ ]0, 1[, which we will call subcertainty. Subcertainty
is satisfied by a convex probability weighting function which is a sufficient condition for risk aversion
under rank-dependent utility. Most axiomatizations of rank-dependent utility imply a continuous
weighting function. In this paper we refrain from the continuity of p( ? ) and consider the following
two hypotheses:

Proportional underweighting: p(l) 5 al ;l [ [0, 1[ with 0 , a , 1.

Constant underweighting: p(l) 5 l 2 b ;l $ g $ b with b , 1.
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Both hypotheses reflect a somewhat pessimistic attitude towards risk: In the former case only a
fixed proportion of each probability enters the utility evaluation. In the latter case a certain amount is
subtracted from all probabilities not less than some g. We want to leave it open in this work how the
decision maker treats probabilities less than g. Therefore we consider in the next section only lotteries
where all probabilities are not less than g. Note that the probability weighting function is in both cases
discontinuous at l 5 1. This discontinuity reflects a fundamental difference between the psychological
evaluation of certain consequences and risky lotteries and has already been proposed in the original
version of prospect theory.

3. Applications

The two hypotheses are now applied to prospect theory and rank-dependent utility which yields
alltogether four models. Let us first analyze prospect theory with proportional underweighting. This
model can be easily related to expected utility with certainty preference which has the following
representation of preferences:

u(x ) if p(x ) , 1i iV( p) 5O u(x , p)p(x ) with u(x , p) 5 (3)Hi i i v(x ) if p(x ) 5 1.i i i

Note that the utility function in prospect theory is unique up to proportionality transformation. Then it
is easy to see that prospect theory with proportional weighting is equivalent to the special case of
expected utility with certainty preference in which we have u(x ) 5 av(x ) ;x [ X. Hence, the centrali i i

characteristic of expected utility with certainty preference – i.e. representing preferences which
exhibit the certainty effect but are consistent with expected utility in all other choice problems – can
also be accommodated in the framework of transformed probabilities, however, only for the special
case u(x ) 5 av(x )) which is further analyzed and interpreted in Schmidt (1999b).i i

Applying proportional underweighting to rank-dependent utility immediately yields

V( p) 5 a O u(x )p(x ) 1 (1 2 a)u(x ). (4)i i n
i

Here the utility of a lottery equals the weighted sum of the expected utility and the utility of the worst
consequence of the lottery. This representation is a special case of expected utility with security level
which has already been discussed by Gilboa (1988). Therefore, we switch to rank-dependent utility
with constant underweighting which yields

V( p) 5O u(x )p(x ) 2 b[u(x ) 2 u(x )]. (5)i i 1 n
i

This new representation is a combination of expected utility and the utility range of consequences
which results of underweighting the probability of the best consequence and overweighting the
probability of the worst consequence. The pessimism or probabilistic risk aversion causes the decision
maker to be averse to lotteries with higher utility range. Since this representation depends beside the
expected utility only on the security and potential level of the lottery it constitutes a special case of the
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models of Cohen (1992) and Essid (1997). Further special cases can be obtained by combining
constant and proportional underweighting, i.e. p(l) 5 al 2 b.

It remains to consider prospect theory with constant underweighting which yields

V( p) 5O u(x )p(x ) 2 b O u(x ). (6)i i i
i i

Here, a combination of expected utility and the sum of utilities is obtained. This representation
exhibits a strong aversion against a higher number of probable outcomes in a lottery which is also the
central feature of expected cardinality-specific utility. Although one cannot obtain variants of expected
cardinality-specific utility in the framework of transformed probabilities – at least if the weighting
function does only depend on the probabilities – this shows that one can nevertheless accommodate
boundary effects by an identical behavioural hypothesis. Note that the representation above also
provides an intuitively appealing accommodation of event-splitting effects discussed in Humphrey
(1998) if b is assumed to be negative.

4. Conclusions

In this paper we have considered two new hypotheses concerning the probability weighting
function which have some interesting behavioural implications. In particular it can be shown that
variants of nearly all models, which have been developed in order to accommodate the certainty effect
and boundary effects, can also be obtained in the framework of transformed probabilities. Moreover,
two new representations, which may be worth some further consideration, emerged from the analysis,
first, a combination of expected utility and the utility range and, secondly, a combination of expected
utility and the utility sum.
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