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Abstract

A biarc is a one-parameter family of G1 curves that can satisfy G1 Hermite data at two points. An arc spline approx-
imation to a smooth planar curve can be found by reading G1 Hermite data from the curve and �tting a biarc between
each pair of data points. The resulting collection of biarcs forms a G1 arc spline that interpolates the entire set of G1

Hermite data. If the smooth curve is a spiral, it is desirable that the arc spline approximation also be a spiral. Several
methods are described for choosing the free parameters of the biarcs so that the arc spline approximation to a smooth
spiral is a spiral. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, a spiral is a smooth planar curve whose curvature does not change sign and whose
curvature is strictly monotone. Many authors have advocated the use of spirals in the design of fair
curves (see for example [1,2], [3, p. 408], [9]). Assume that the spiral to be approximated by an
arc spline is a parametric curve, and the curvature is non-negative, strictly monotone increasing, as
the parameter increases. The results below depend on the fact the tangent vector rotates through an
angle of less than � from one end of the spiral to the other. Any spiral can be subdivided into
several pieces so that this property holds for each piece.
A curve is said to interpolate G1 Hermite data if it passes from one given point to another

such that its unit tangent vector matches given unit tangent vectors at the two points. A biarc is a
one-parameter family of G1 curves that can satisfy G1 Hermite data at two points. An arc spline
approximation to a smooth curve can be found by reading G1 Hermite data from the curve and
�tting a biarc between each pair of data points. The resulting collection of biarcs forms a G1 arc
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spline that interpolates the entire set of G1 Hermite data. If the arc spline also matches the curvature
at an interpolation point, it satis�es G2 Hermite data at that point.
The main result of this paper is the development of several methods of choosing the free parameters

of the biarcs so that the arc spline approximation to a smooth spiral is a spiral.

2. The spiral and G 1 Hermite data

Notation similar to [8] will be used. Suppose the biarc passes through two distinct points A and B
and matches two unit tangent vectors TA and TB at those points. Let � be the counterclockwise angle
from TA to B − A and let � be the counterclockwise angle from B − A to TB. By the assumptions
for the spiral, 0¡�¡� [4, p. 49], and the total turning angle of the tangent is less than �.
Without loss of generality, let the spiral be

S(t) =
∫ t

0

eiu

k(u)
du; (1)

where t is the angle of tangent vector with respect to the real axis, and k(u) is the non-negative
increasing curvature of the spiral [8]. The unit tangent vector is S ′(t) = eit . Assume the part of the
spiral to be approximated is the part from A= S(tA) to B = S(tB) so that

TA = S ′(tA) = eitA and TB = S ′(tB) = eitB : (2)

Let the curvatures of the spiral at A and B be kA = k(tA) and kB = k(tB). The total turning angle of
the tangent vector is

�+ � = tB − tA: (3)

Using complex number notation, de�ne the dot product of z1 and z2 (analogous to the dot product
of two-dimensional vectors) to be

z1•z2 = Re(z∗1 z2); (4)

where ∗ is the complex conjugate operation. De�ne the cross product of two complex numbers z1
and z2 (analogous to the cross product of two-dimensional vectors) to be

z1 × z2 = Im(z∗1 z2): (5)

Finally, using the notation ‖ · ‖ for the modulus of a complex number, z•z= ‖ z ‖2 and z1 × z2=
‖z1 ‖‖ z2 ‖ sin  , where  is the counterclockwise angle from z1 to z2.

3. Biarcs that interpolate G 1 Hermite data taken from the spiral

Biarcs have been studied by many authors ([10,5] and references therein). Notation for the
biarc that matches the G1 Hermite data from the previous section follows. The biarc is formed
by joining two circular arcs in a G1 fashion (see Fig. 1). Let angles of the two arcs be � and
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Fig. 1. A biarc matching G1 Hermite data.

�+ � − �, and let the radii of the two arcs be rA and rB. From [6],

rA =
sin((� − �+ �)=2)

2 sin(�=2)sin((�+ �)=2)
‖B − A‖; (6)

rB =
sin((2�− �)=2)

2 sin((�+ � − �)=2)sin((�+ �)=2)
‖B − A‖ : (7)

� is the one free parameter of the biarc. To get positive radii, � must satisfy

0¡�¡ 2�:

In the special case of the �rst arc of the biarc being a straight line, the value �=0 will be allowed
as explained after Lemma 2.

Lemma 1. In any biarc with �¡�; rA ¿ rB.

Proof. Since all the factors in the expressions for rA and rB are positive, the proposition is equivalent
to

sin
(
� − �+ �

2

)
sin

(
�+ � − �

2

)
¿ sin

(
�
2

)
sin

(
2�− �
2

)
:

Expressing the products of sines as di�erence of cosines, another equivalent proposition is

cos �¿ cos�;

which is true since �¡�¡ �. The proof can now be obtained by reversing the steps.

Two of the G1 Hermite interpolating biarcs that are of particular interest here are the one in which
rA equals the radius of the circle of curvature of the spiral at A, or rA=1=kA, and the one in which
rB equals the radius of the circle of curvature of the spiral at B, or rB = 1=kB. The existence of
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these biarcs is shown in Lemmas 2 and 3. Lemmas 4 and 5, in conjunction with Lemma 1, show
that the biarc in which rA = 1=kA has 1=kA = rA ¿ rB ¿ 1=kB, and the biarc in which rB = 1=kB has
1=kA ¿ rA ¿rB=1=kB. The behaviour of the radii of the G1 Hermite interpolating biarc is illustrated
in Fig. 4.

Lemma 2. The parameter � of the interpolating biarc can always be chosen so that rA=1=kA; kA ¿ 0.
This special value of � will be denoted �A.

Proof. The proof of this Lemma is organized into three parts: (a) shows that rA(�) is a monotone
decreasing function and �nds its range, (b) shows that 1=kA lies in the range of rA(�), the interval
(LA;∞), and (c) brings together the results of (a) and (b).
(a) Thinking of rA as a function of �, Eq. (6) can be written

rA(�) =
sin((� − �+ �)=2)

2 sin(�=2)sin((�+ �)=2)
‖B − A‖ : (8)

The derivative r′A(�) is

r′A(�) =− sin((� − �)=2)

4 sin2(�=2)sin((�+ �)=2)
‖B − A‖;

which is negative. This means that rA(�) is a monotone decreasing function. The function rA(�)
ranges from rA(0), which is positive and unbounded, down to rA(2�) = LA, where

LA =
‖B − A‖
2 sin �

: (9)

(b) A property of spirals is that the circle of curvature at any point encloses the rest of the spiral
[4, p. 48]. The circle of curvature at A has radius 1=kA, and must enclose the point B. The circle that
passes through point A, is tangent to the circle of curvature at A, and passes through B has radius
LA (see Fig. 2). This circle through B must lie inside the circle of curvature at A, or 1=kA ¿LA.
Thus, 1=kA is in the range of rA(�).
(c) Parts (a) and (b) show that there is a unique � = �A such that rA(�A) = 1=kA. A formula for

�A is found by rearranging Eq. (6) as

tan
�A

2
=

kA ‖B − A‖ sin((� − �)=2)
2sin((�+ �)=2)− kA ‖B − A‖cos((� − �)=2)

: (10)

Lemma 2 can be modi�ed slightly to apply when kA = 0. In this case, the resulting biarc is a
straight line joined to a circular arc, and �A from (10) is 0. The length of the straight-line segment
is from (8)

lim
�→0
(�rA(�)) =

sin((� − �)=2)
sin((�+ �)=2)

‖B − A‖ :

Lemma 3. The parameter � of the interpolating biarc can always be chosen so that rB=1=kB. This
special value of � will be denoted �B.
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Fig. 2. The smallest circle of curvature at A.

Proof (Similar to the proof for Lemma 2). The proof of this lemma is organized into three parts:
(a) shows that rB(�) is a monotone decreasing function and �nds its range, (b) shows that 1=kB lies
in the range of rB(�), the interval (0; LB), and (c) brings together the results of (a) and (b).
(a) Thinking of rB as a function of �, Eq. (7) can be written

rB(�) =
sin((2�− �)=2)

2sin((�+ � − �)=2)sin((�+ �)=2)
‖B − A‖ : (11)

The derivative r′B(�) is

r′B(�) =− sin((� − �)=2)

4sin2((�+ � − �)=2)sin((�+ �)=2)
‖B − A‖;

which is negative. This means the rB(�) is a monotone decreasing function. The function rB(�)
ranges from rB(0) = LB down to rB(2�) = 0, where

LB =
sin �

2sin2((�+ �)=2)
‖B − A‖ : (12)

(b) The circle of curvature at B is enclosed by the circle of curvature at A. The biggest circle of
curvature at A is the line through A and I , where I is the intersection point of the line through A
parallel to TA and the line through B parallel to TB (see Fig. 3). The circle of curvature at B must
be enclosed by the circle through B, tangent to TB, and tangent to the line through A and I . Let P
be the foot of the perpendicular from B to the line through A and I . ‖B − P ‖ = ‖B − A‖ sin �;
‖B − I ‖ = ‖B − P ‖ =sin(�+ �); so the radius of this enclosing circle is ‖B − I ‖ =tan((�+ �)=2),
which equals LB in (12). Thus, 1=kB ¡LB and 1=kB is in the range of rB(�).
(c) Parts (a) and (b) show that there is a unique � = �B such that rB(�B) = 1=kB. A formula for

�B is found by rearranging Eq. (7) as

tan
�B

2
=

kB ‖B − A‖ sin �− 2sin2((�+ �)=2)
kB ‖B − A‖cos �− sin(�+ �)

: (13)
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Fig. 3. The largest circle of curvature at B.

Lemma 4. If the parameter � of the interpolating biarc is chosen to be �A as de�ned in Lemma
2; then rB(�A)¿ 1=kB.

Proof. The proof of this lemma is organized into two parts: (a) �nds a formula for rB(�A), and (b)
shows that rB(�A)¿ 1=kB.
(a) From (11) and (10),

rB(�A) =
sin �− cos � tan �A

2
sin((�+ �)=2)− cos((�+ �)=2)tan(�A=2)

‖B − A‖
2sin((�+ �)=2)

=
2sin �− kA ‖B − A‖

2sin2((�+ �)=2)− kA ‖B − A‖sin �
‖B − A‖

2
: (14)

TB and TA are unit modulus, so ‖B − A ‖ sin � can be replaced by TA × (B − A) and ‖B − A ‖
sin � replaced by (B − A)× TB. After making these substitutions and using (3),

rB(�A) =
[TA × (B − A)]− (kA=2)‖B − A‖2
1− cos(tB − tA)− kA[(B − A)× TB]

: (15)

(b) Using (1), (2), and the cross product (5),

kB[TA × (B − A)] =
∫ tB

tA

kB
k(u)

sin(u− tA) du (16)

and

kA[(B − A)× TB] =
∫ tB

tA

kA
k(u)

sin(tB − u) du: (17)

Using (1) and the dot product (4), the quantity

kAkB
2

‖B − A‖2 =kAkB
2
(B − A) · (B − A) = 1

2

∫ tB

tA

∫ tB

tA

kAkB
k(u)k(v)

cos(v− u) du dv:
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Applying the identity [8]

∫ b

a

∫ b

a
f(u; v) du dv=

∫ b

a

∫ v

a
[f(u; v) + f(v; u)] du dv

to the above shows that

kAkB
2

‖B − A‖2 =
∫ tB

tA

∫ v

tA

kAkB
k(u)k(v)

cos(v− u) du dv: (18)

From Lemma 2, LA ¡ 1=kA, or kA ‖B −A‖¡ 2sin �. This inequality shows that both numerator and
denominator in (15) are positive. Thus, the proposition to be proved, rB(�A)¿ 1=kB, can be written
as

kB[TA × (B − A)]− kAkB
2

‖B − A‖2 ¿ 1− cos(tB − tA)− kA[(B − A)× TB]: (19)

The left-hand side of (19) can be written in terms of integrals with (16) and (18) as

∫ tB

tA

kB
k(v)

[
sin(v− tA)−

∫ v

tA

kA
k(u)

cos(v− u) du
]
dv

=
∫ tB

tA

kB
k(v)

[∫ v

tA

kAk ′(u)
k(u)2

sin(v− u) du
]
dv; (20)

where integration by parts was used on the inner integral. The right-hand side of (19) can be written
in terms of integrals with (17) as

∫ tB

tA

(
1− kA

k(u)

)
sin(tB − u) du= 1− kA

kB
−

∫ tB

tA

kAk ′(u)
k(u)2

cos(tB − u) du;

using integration by parts. The cosine inside the integral can be replaced by

cos(tB − u) =−
∫ tB

u
sin(v− u) dv+ 1;

so the right-hand side of (19) is

∫ tB

tA

kAk ′(u)
k(u)2

[∫ tB

u
sin(v− u) dv

]
du=

∫ tB

tA

∫ tB

tA
H (v− u)

kAk ′(u)
k(u)2

sin(v− u) dv du;

where H (x) is 1 when x¿ 0 and H (x) is 0 when x60. The order of the integrals can be switched
giving the right-hand side of (19) as

∫ tB

tA

∫ v

tA

kAk ′(u)
k(u)2

sin(v− u) du dv: (21)
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Fig. 4. The radii of a G1 Hermite interpolating biarc as the parameter � varies.

Using (20) and (21), the left-hand side of (19) minus the right-hand side of (19) is
∫ tB

tA

(
kB
k(v)

− 1
)[∫ v

tA

kAk ′(u)
k(u)2

sin(v− u) du
]
dv:

The curvature is nonnegative and increasing so the factor (kB=k(v))− 1 is positive for v in [tA; tB).
The inner integral is also positive. Consequently, the above double integral is positive. This means
that rB(�A)¿ 1=kB.

Lemma 5. If the parameter � of the interpolating biarc is chosen to be �B as de�ned in Lemma
3; then rA(�B)¡ 1=kA.

Proof. By Lemmas 2 and 3, both rA(�) and rB(�) decrease with increasing �. Since rB(�A)¿ 1=kB
and rB(�B) = 1=kB, �A ¡�B. But rA(�A) = 1=kA, so increasing the parameter from �A to �B will give
rA(�B)¡ 1=kA.

4. Creation of spiral arc splines

Four methods for �nding spiral arc spline approximations to spirals are described below. Consider
three points of G1 Hermite data, A; B; and C ; and the two biarcs that connect A to B and B to C :
Method 1: For the biarc with radii rA and rB connecting A to B; choose the free parameter of the

biarc �=�A so that rA=1=kA; by Lemma 2 this can always be done. By Lemma 1, the corresponding
rB will be less than rA and by Lemma 4, rB will be greater than 1=kB. Now choose the � of the biarc
connecting B to C so that its �rst arc has radius 1=kB. Continuing this way, the whole sequence of
radii of the arcs of the biarcs is a decreasing sequence and the resulting arc spline is a spiral.
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Fig. 5. G2 Hermite interpolation is achieved at some interior points in Method 4.

Method 2: Use the same idea as Method 1, but choose the free parameter � of each biarc so that
the radius of its second arc matches the radius of the circle of curvature at the second interpolation
point. This choice applied repeatedly will again produce a whole sequence of radii of the arcs of
the biarcs that are a decreasing sequence and the resulting arc spline is a spiral.
Method 3: One could use the average of �A and �B as the free parameter of each biarc. This

would give 1=kA ¿ rA ¿rB ¿ 1=kB in each biarc, and would result in a spiral arc spline.
Method 4: If the free parameter of the �rst biarc is chosen so that the radius of its second circle

equals 1=kB, and the free parameter of the second biarc is chosen so that the radius of its �rst circle
equals 1=kB, then the two arcs passing through B are actually part of the same circle (see Fig. 5).
Continuing in this way, it can be seen that a spiral arc spline will be produced and that it interpolates
to G2 Hermite data at every second interior point. This arc spline will have fewer arcs than the ones
produced by the previous three methods.
Two connections to previous work are noted.
(a) A method based on triarcs was recently published for creating a G1 Hermite arc spline that

interpolates G2 Hermite data [7].
(b) If the interpolation points on a smooth spiral are taken close enough, then the arc spline

produced from joining biarcs is always a spiral. This follows because when A and B are close
enough, 1=kA ¿ rA ¿rB ¿ 1=kB holds for any biarc parameter [6]. The accuracy of an arc spline
approximation to the spiral is O(h3); where h is the arc length of the spiral from A to B:
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